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Abstract
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41 LQWURGXFWLRQ
Ohw i%|j eh dq lqghshqghqw dqg lghqwlfdoo| glvwulexwhg +l=l=g=, vhtxhqfh ri udqgrp ydul0
deohv vxfk wkdw H% @ 3> H%2 @ 
2 ?4> iru 3 ? g ? 2 frqvlghu wkh fodvv ri surfhvvhv ix|j
vdwlvi|lqj
x| @
|[
'3"
!|3% > w @ 4> 5> === > !f @ 4 > !  c+m,m_3 > m @ 4> 5=== > +4,
zkhuh c+=,> +olnh c@K+=,> c@K+=,> c

@K+=, wr eh lqwurgxfhg odwhu, ghqrwhv d Ohehvjxh0phdvxudeoh/
uhdo0ydoxhg ixqfwlrq ydu|lqj vorzo| dw lqqlw|/ ghqhg rq ^3>4,> erxqghg rq hyhu| frp0
sdfw vxevhw wkhuhlq/ dqg srvlwlyh rq ^[>4,> iru vrph [ A 3> zkloh _  % lqglfdwhv wkdw
wkh udwlr ri ohiw0 dqg uljkw0kdqg vlghv whqgv wr rqh> zh whup d vhtxhqfh vdwlvi|lqj +4, orqj
udqjh ghshqghqw/ ru iudfwlrqdoo| lqwhjudwhg ri rughu g1 Sdudphwulf/ vhplsdudphwulf dqg
qrqsdudphwulf vwdwlvwlfdo lqihuhqfh xqghu orqj udqjh ghshqghqfh kdv ehhq h{whqvlyho| lq0
yhvwljdwhg lq uhfhqw |hduv/ iru lqvwdqfh e| Jludlwlv dqg Nrxo +4<<:,/ Urelqvrq +4<<8, dqg
Fvrujr dqg Plhoqlf}xn +4<<8,/ uhvshfwlyho|> prghov wkdw frpelqh orqj udqjh ghshqghqfh
dqg lqqlwh yduldqfh lqqrydwlrqv kdyh dovr ehhq frqvlghuhg/ iru lqvwdqfh e| Nrnrv}nd dqg
Wdttx +4<<8/4<<9,/ dqg Nrnrv}nd dqg Plnrvfk +4<<:,1
Iru pdq| vwdwlvwlfdo dssolfdwlrqv sduwldo vxpv ri orqj udqjh ghshqghqw yduldeohv duh ri
lqwhuhvw1 Ghqrwh e| E+u, vwdqgdug Eurzqldq prwlrq/ l1h1 d }hur0phdq Jdxvvldq surfhvv rq
U zlwk lqghshqghqw lqfuhphqwv dqg vxfk wkdw
E+3, @ 3 > d1v1 / +5,
HE+u,E+u2, @ plq+u> u2, > u> u2  3 = +6,
Iru 2 ? g ?

2 > ghqrwh e| E+u>g, iudfwlrqdo Eurzqldq prwlrq +fi1 Vdprurgqlwvn| dqg
Wdttx +4<<7,,/ jlyhq e|
E+u> g, @ 3 > d1v1 > u @ 3 >
E+u>g, @ F+g,
2
]
-
k
i+u  v,nj_3  i+v,nj_3
l
gE+v, / u 5 Un >
F+g, @

4
5g 4 .
] "
f
k
+4 . v,_3  v_32
l2
gv
3*2
>
5
zkhuh +w,n @ pd{+w> 3,1 Xqghu +4, dqg kljkhu prphqw frqglwlrqv rq %|/ zh kdyh wkh
lqyduldqfh sulqflsoh
+c+q,q_3*2,3
3C d?oo[
|'
x|
4D, 2E+u> g, > 3  u  4 / dv q$4 > +7,
zkhuh g @ g . 4> , vljqlhv zhdn frqyhujhqfh lq d vxlwdeoh phwulf vsdfh +Eloolqjvoh|
+4<9;,,/ dqg ^=‘ lv lqwhjhu sduw1 Wkh frqyhujhqfh +7, zdv hvwdeolvkhg e| Gdy|gry +4<:3,/
Wdttx +4<:8, dqg Jrurghwvnll +4<::,/ dqg h{whqghg e| Fkdq dqg Whuulq +4<<8,/ Fvrujr
dqg Plhoqlf}xn +4<<8,/ dqg rwkhuv1
Sduwldo vxp surfhvvhv fdq eh uhvwulfwlyh iru dssolfdwlrqv dqg pruh jhqhudo irupv ri gh0
shqghqfh pd| eh frqvlghuhg/ iru lqvwdqfh qrqvwdwlrqdu| iudfwlrqdo lqwhjudwlrq1 Iru w  4
ohw
}| @
|[
'
#|3 > #f @ 4 > #  c+m,m_3 > m @ 4> 5> ===> w  4 / +8,
zkhuh g A 2 dqg
| @
"[
'3"
d|3% > 3 ?
"[
'3"
md m ?4 > w @ 4> 5> === >
wkh odwwhu lqhtxdolw| lpso|lqj | kdv vkruw udqjh ghshqghqfh/ e| frqwudvw zlwk +4,1 Iru
g @ 4 dqg c+=,  4 zh kdyh sduwldo vxpv ri vkruw udqjh ghshqghqw lqqrydwlrqv }| @
S|
'  1
Wkh vxp lq +8, kdv wr eh qlwh/ ehfdxvh wkh # duh qrw vtxduh0vxppdeoh iru g A

2 > lw fdq
eh yhulhg wkdw Y du+
S6
|' }|,  fp2_n dqg
S6
|'H}
2
|  fp2_ dv p$4> 3 ? f> f ?4/
dqg khqfh }| lv qrqvwdwlrqdu| orqj udqjh ghshqghqw lq wkh h{whqghg vhqvh ri Kh|gh dqg
\dqj +4<<:,1
Wkh sxusrvh ri wklv sdshu lv wr vwxg| zhdn frqyhujhqfh iru yhfwru surfhvvhv jhqhudol}lqj
+8,1 Yhfwru vwdwlrqdu| orqj udqjh ghshqghqw surfhvvhv kdyh ehhq vwxglhg e| Urelqvrq
+4<<8,> d suholplqdu| lqyhvwljdwlrq iru d fodvv ri qrqvwdwlrqdu| xqlyduldwh surfhvvhv uhodwhg
wr wkrvh zh dqdo|}h khuh zdv frqvlghuhg e| Dnrqrp dqg Jrxulhurx{ +4<;:, dqg Vloyhlud
+4<<4,1 Rxu pdlq uhvxow/ hvwdeolvkhg lq Vhfwlrq 5/ vshfldol}hv lq wkh xqlyduldwh fdvh wr
+c+q,q_3*2,3}d?oo , 2d+4,2Z +u>g, > 3  u  4 / dv q$4 > +9,
6
zlwk d+4, @
S"
'3" d dqg zkhuh wkh surfhvv Z +u> g,> lwvhoi ghqrwhg iudfwlrqdo Eurzqldq
prwlrq e| Dnrqrp dqg Jrxulhurx{ +4<;:,/ lv ghqhg irupdoo| iru g A 2 dv d Kropjuhq0
Ulhpdqq0Olrxylooh iudfwlrqdo lqwhjudo
Z +3> g, @ 3 / d1v1 /
Z +u> g, @
] o
f
+u  v,_3gE+v, > u A 3 =
Olnh E+u>g,> Z +u>g, lv Jdxvvldq zlwk doprvw vxuho| frqwlqxrxv vdpsoh sdwkv/ dqgZ +u> 4, @
E+u,> exw Z +u>g, dqg E+u> g, duh glhuhqw surfhvvhv/ lq sduwlfxodu wkhlu dxwrfryduldqfhv
glhu/ dv glvfxvvhg e| Pdulqxffl dqg Urelqvrq +4<<;,/ zkhuh Z +u> g, lv odehoohg w|sh LL
iudfwlrqdo Eurzqldq prwlrq1
Wkh pdlq lqjuhglhqw iru wkh surri ri +9, lv wkh uhsuhvhqwdwlrq
+c+q,q_3*2,3}d?oo @ t?+u, . u?+u, >
vxs
oMdfco
mu?+u,m @ rR+4, / +:,
zkhuh t?+u, @ 2d+4,2
Sd?oo3
' +u  ?,_3z iru dq l=l=g= vhtxhqfh z  Q+3> 4,/ _  %
vljqli|lqj htxdolw| lq glvwulexwlrq1 Zhdn frqyhujhqfh ri t?+u, wrZ +u>g, hqwdlov frqyhujhqfh
ri wkh qlwh glphqvlrqdo glvwulexwlrqv dqg wljkwqhvv ri t?+u,1 Iru +:, zh h{whqg uhvxowv iru
sduwldo vxpv ri l=l=g= yhfwruv gxh wr Hlqpdko +4<;<, wr vkruw udqjh ghshqghqw yhfwruv/ e|
hpsor|lqj d ghfrpsrvlwlrq xvhg lq dqrwkhu frqwh{w e| Skloolsv dqg Vror +4<<5,1
Lq wkh vhtxho/ F ghqrwhv d jhqhulf/ srvlwlyh frqvwdqw/ LR wkh s0urzhg lghqwlw| pdwul{/ dqg
n=n wkh Hxfolghdq qrup1 Vhfwlrq 5 suhvhqwv wkh pdlq uhvxow ri wkh sdshu/ zkloh whfkqlfdo
ohppdv duh froohfwhg lq Vhfwlrq 61
51 PDLQ UHVXOW
Ohw xv lqwurgxfh wkh iroorzlqj dvvxpswlrqv1
7
DVVXPSWLRQ D4 Wkh s 4 yhfwru vhtxhqfh i}|j vdwlvhv
}| @
|[
'
|3 > w @ 4> 5> === >
zkhuh f @ LR dqg iru m  4  kdv +d> e,0wk hohphqw
#@Kc @ j@Kc@K+m,m
_@3 >
zkhuh g@ A 2 > d> e @ 4> ===> s> dqg
pd{
f$w$
mc@@+m . , c@@+m . 4,m  F c

@@+m,
m
> c@@+m, A 3 > +;,
mc@K+m, c@@+m,m  F c

@K+m,
m
> c@K+m, A 3 = +<,
DVVXPSWLRQ D5 Wkh | lq Dvvxpswlrq D4 vdwlvi|
| @
"[
'3"
D|3% >
"[
'f
;?=
"[
&'n
n D& n2 .
"[
&'n
n D3& n2
<@> ?4 = +43,
DVVXPSWLRQ D6 Wkh %| lq Dvvxpswlrq D5 duh l=l=g= zlwk
H% @ 3 > H%%

 @ 	 > Hn%n^ ?4 / vrph t A 5 1 +44,
DVVXPSWLRQ D7
udqn+	, @ udqn+J, @ udqn+
"[
'3"
D, @ s > +45,
zkhuh J @ ij@Kj@cK / d> e @ 4> ===> s1
Zh uhihu froohfwlyho| wr Dvvxpswlrqv D40D7 dv Dvvxpswlrq D1 Frqglwlrq +;, lv d plog
vprrwkqhvv uhvwulfwlrq rq c@K+=,> kroglqj/ iru lqvwdqfh/ iru c@K+=, @ +orj+=,,1> dq| uhdo 1 Pruh
jhqhudoo|/ c@K+=, fdq eh d qrupdolvhg vorzo| ydu|lqj ixqfwlrq/ +Elqjkdp hw do1 +4<;<,/ s148,/
c@K+{, @ f h{s
] %
f
h+x,
x
gx

> f A 3 > h+x,$ 3 dv x$4 >
8
zlwk gc@K+{,@g{ @ h+{,c@K+{,@{ @ r+{3, d1h1 dv { jrhv wr lqqlw|1 Wklv fodvv frlqflghv zlwk
wkh ]|jpxqg fodvv o+1,/ vxfk wkdw {1 o+{, lv hyhqwxdoo| lqfuhdvlqj dqg {31o+{, lv hyhqwxdoo|
ghfuhdvlqj dv { $ 4 iru dq|  A 3 +Elqjkdp hw do1 +4<;<,/ s157,= +<, lv d krprjhqhlw|
frqglwlrq iru wkh frh!flhqwv rq wkh d0wk urz ri  dqg lw lv vdwlvhg e| sdudphwulf prghov ri
iudfwlrqdo lqwhjudwlrq/ fi1 Fruroodu| 41 Wkh vwdwlrqdu| olqhdu vshflfdwlrq iru | lq +43,2+44,
hqwdlov d plog irup ri vkruw udqjh ghshqghqfh frqglwlrq/ zklfk lv iru lqvwdqfh lpsolhg e|S"
'3" m
*2nDn ? 4 +fi1 Skloolsv dqg Vror +4<<5,,1 Frqglwlrq +45, hqvxuhv wkdw wkh
dv|pswrwlf olplw surfhvv zloo kdyh qrqghjhqhudwh qlwh glphqvlrqdo glvwulexwlrqv1
Wkh iroorzlqj ohppd iroorzv iurp Wkhruhpv 4/ 5 dqg 7 lq Hlqpdko +4<;<,1
Ohppd 4 +Hlqpdko +4<;<,, Ohw i%|j = V $ UR eh d vhtxhqfh ri l=l=g= yhfwruv vxfk wkdw
Dvvxpswlrqv D6 krogv1 Wkhq zh fdq frqvwuxfw d suredelolw| vsdfh +Vf>@f> Sf, dqg wzr
vhtxhqfhv ri l=l=g= yhfwruv ie%|j > iz|j zlwk e%|  %|> z|  Q+3>	,> q @ 4> 5> ===/ vxfk wkdw/ dv
q$4>
n
?[
|'
e%|  ?[
|'
z|n @ r+q*^, / d1v1 / +46,
dqg
pd{
$&$?
n
&[
|'
e%|  &[
|'
z|n @ rR+q*^, 1 +47,
Zh fdq qrz hvwdeolvk dssur{lpdwlrqv iru sduwldo vxpv ri pxowlyduldwh olqhdu vhtxhqfhv dv
iroorzv1
Ohppd 5 Xqghu Dvvxpswlrqv D5 dqg D6 zh fdq frqvwuxfw d suredelolw| vsdfh +Vf>@f> Sf,
dqg wzr vhtxhqfhv ri l=l=g= yhfwruv ie|j > iz|j zlwk e|  |> z|  Q+3>	,> q @ 4> 5> === vxfk
wkdw dv q$4/ iru 5 ? v ? t
V?  Y? @ r+q*r, / d1v1 / +48,
9
vxs
$?
nV  Yn
q*r
@ rR+4, > +49,
zkhuh V @
S
|' e| dqg Y @ D+4,S|'z|> D+{, @S"'3"D{ 1
Surri Iru m{m  4 zh kdyh
D+{, @ D+4, . +{ 4,Dn+{,D3+{, >
zkhuh
Dn+{, @
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 > D3+{, @
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D3 {
 >
Dn @
"[
&'n
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3
 @
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D3& 1
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| @ D+4,
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%| . %f?
zkhuh %f? @ %nf  %3f  %n? . %3? > %n| @ Dn+O,%|> %3| @ D3+O,%|1 Dovr
Hn%f?n^  F

Hn%nf n^ .Hn%3f n^

>
zkhuh
Hn%nf n^  FH
;?=
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'f
nDn n2n%3n2
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 F
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'f

HnDn n^n%3n^
2*^<@>
^*2
 F
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'f
nDn n2
<@>
^*2
Hn%fn^ ?4
xvlqj Exunkroghu*v +4<:6, dqg Plqnrzvnl*v lqhtxdolwlhv1 Lq wkh vdph zd| Hn%3f n^ ? 41
Wkxv %f? @ r+q*r, d1v1 e| Pdunry*v lqhtxdolw| dqg wkh Eruho0Fdqwhool ohppd1 Wkh surri ri
:
+48, lv frpsohwhg e| dssolfdwlrq ri +46, wr D+4,%| dqg wkh lghqwlfdwlrq e| @S"'3"De%|3
iru e%|1 Wr hvwdeolvk +49, zulwh
V  Y @ D+4,
+
[
|'
e%|  [
|'
z|
,
. %f >
dqg khqfh S +vxs$? nV  Yn A q*r, lv erxqghg e|
S +vxs
$?
nD+4,+
[
|'
e%|  [
|'
z|,n A q
*r
5
, . S +vxs
$?
n%fn A q
*r
5
, = +4:,
Dovr/ wkh uvw frpsrqhqw ri +4:, lv erxqghg e|
S +vxs
$?
n+
[
|'
e%|  [
|'
z|,n A fq*r,
iru vrph 3 ? f ?41 Iurp +47, lw iroorzv wkdw wkh z| fdq eh fkrvhq dv l=l=g= Q+3>	, vxfk
wkdw
vxs
$?
n+
[
|'
e%|  [
|'
z|,n @ rR+q*r,
ehfdxvh  lv duelwudu|1 Wkh vhfrqg frpsrqhqw ri +4:, lv erxqghg e|
S +vxs
$?
n%fn  q
*r
5
,  FH vxs$? n%fn
^
+q*r,^
 FqH+n%
n
f n^ . n%3f n^,
+q*r,^
$ 3
dv q$4> lq ylhz ri wkh suhylrxv hydoxdwlrq1 
Uhvxowv iurp Vloyhlud +4<<4, vxjjhvw wkdw iru t ? 6 dqg xqghu prphqw frqglwlrqv vwurqjhu
wkdq Dvvxpswlrq D6/ +48, fdq eh h{whqghg wr fryhu dovr irupv ri ghshqghqfh wkdw duh
qhlwkhu vwulfwo| vwurqjhu qru zhdnhu wkdq rxu olqhdulw|/ vxfk dv devroxwh uhjxodulw| +fi1 Skdp
dqg Wudq/ +4<;8,,1 Wkh rqo| sduw ri Ohppd 5 zklfk lv xvhg lq wkh vhtxho lv +49,/ exw zh
kdyh lqfoxghg +48, wr pluuru wkh ghulydwlrq ri dqdorjrxv uhvxowv e| Hlqpdko +4<;<, dqg
rwkhuv1
DVVXPSWLRQ E Iru t ghqhg e| Dvvxpswlrq D6/
t A pd{+5>
5
5gW  4, > gW @ plq$@$R g@ = +4;,
;
Khuuqgrui +4<;7, frqvlghuhg qrupdol}hg sduwldo vxpv ri fryduldqfh vwdwlrqdu| pl{lqj vh0
txhqfhv x|/ wkh dujxphqw wr hvwdeolvk zhdn frqyhujhqfh uhtxlulqj wljkwhu prphqw frqglwlrqv
rq x| wkh vorzhu wkh pl{lqj udwh1 Rq wkh rwkhu kdqg lq +4;, d odujhu dprxqw ri shuvlv0
whqfh/ l1h1 d odujhu gW> hqwdlov zhdnhu prphqw frqglwlrqv/ dw ohdvw iru gW ? 41 D khxulvwlf
h{sodqdwlrq lv dv iroorzv= zkloh wkh pl{lqj udwh lq fodvvlfdo fhqwudo olplw wkhruhpv grhv qrw
dhfw wkh
s
q0qrupdol}dwlrq/ lq Wkhruhp 4 d orzhu ydoxh ri gW hqwdlov d vpdoohu qrupdol}d0
wlrq/ dqg khqfh wljkwhu erxqgv rq wkh uhpdlqghu whupv duh qhhghg +fi1 Gdy|gry +4<:3, dqg
Jrurghwvnll +4<::,,1 Lq ylhz ri Dvvxpswlrq D6/ Dvvxpswlrq E lv ydfxrxv iru gW  41
Ghqh wkh qrupdol}lqj pdwul{ ixqfwlrq G+q> g5,> iru g5 @ +g> ===> gR,/ dv
G+q>g5, @ gldj

c+q,q
_3*2
3
> ===>

cRR+q,q
_R3*2
3
>
dqg w|sh LL pxowlyduldwh iudfwlrqdo Eurzqldq prwlrq iru u  3 dv
Z +u>g5>, @ +3> ===3,
 > d1v1 > u @ 3 > +4<,
Z +u>g5>, @
] o
f
J+u> v,gE+u> , > u A 3 > +53,
zkhuh  @ D+4,	D+4, lv d s  s ixoo udqn pdwul{ +e| Dvvxpswlrq D7,/ E+=> , lv s  4
vfdohg Eurzqldq prwlrq vxfk wkdw
E+u> , @ +3> ===3, > d1v1 > u @ 3 >
HE+u> ,E+u2> ,
 @ plq+u> u2, >
dqg J+u> v, kdv +d> e,0wk hohphqw j@K+u  v,_@3> d> e @ 4> ===> s> iru 3  v ? u> dqg }hur
rwkhuzlvh1
Ghqh }?+u, @ G+q>g5,e}d?oo> iru 3  u  4> dqg qrwh wkdw }?+u, 5 G^3> 4‘R> wkh vsdfh
ri UR0ydoxhg yhfwru ixqfwlrqv rq ^3> 4‘ zkrvh frpsrqhqwv duh frqwlqxrxv rq wkh uljkw dqg
zlwk qlwh ohiw olplw/ hqgrzhg zlwk wkh surgxfw 0dojheud GR1 Wkh odwwhu lv jhqhudwhg e|
wkh rshq vhwv zlwk uhvshfw wr wkh phwulf wkdw lqgxfhv wkh Vnrurkrg M wrsrorj| rq wkh
frpsrqhqw vsdfhv> wklv pdnhv G^3> 4‘R frpsohwh dqg vhsdudeoh/ olnh G^3> 4‘1 Wkh surri ri
zhdn frqyhujhqfh lq G^3> 4‘R lqyroyhv wkh vdph vwhsv dv iru wkh xqlyduldwh fdvh +vhh h1j1
<
Fvøujø dqg Plhoqlf}xn +4<<8,,/ qdpho| frqyhujhqfh ri wkh qlwh glphqvlrqdo glvwulexwlrqv
dqg wljkwqhvv ri wkh frpsrqhqwv ri }?+u,1
Wkhruhp 4 Xqghu Dvvxpswlrqv D dqg E/ iru 3  u  4
}?+u,,Z +u> g5>, dv q$4 >
zkhuh , vljqlhv frqyhujhqfh lq wkh Vnrurkrg M wrsrorj| ri G^3> 4‘R1
Surri Iru V> Y ghqhg lq Ohppd 5 zh fdq zulwh
e}?+u, @ G+q>g5, d?oo[
&'
d?oo3& +V&  V&3, >
@ T?+u, .T2?+u, .T?+u, .Te?+u, .TD?+u, .TS?+u, >
zlwk
T?+u, @
d?oo3[
&'
J+u> n> q,q3*2 ^Y&  Y&3‘ 4d?oo:2+u, >
T2?+u, @
d?oo3[
&'
G+q> g5,d?oo3& ^+V&  V&3, +Y&  Y&3,‘ 4d?oo:2+u, >
T?+u, @
d?oo3[
&'

G+q>g5,d?oo3& J+u> n> q,q3*2

^Y&  Y&3‘ 4d?oo:2+u, >
Te?+u, @ G+q> g5,

Vd?oo  Vd?oo3

4d?oo:2+u, >
TD?+u, @ G+q> g5,e}d?oo4d?oo$2+u, >
TS?+u, @
d?oo3[
&'
K+u> n> q,q3*2 ^V&  V&3‘ 4d?oo:2+u, >
zkhuh 4+=, lv wkh lqglfdwru ixqfwlrq ri wkh vhw D> dqg J+u> n> q,> K+u> n> q, kdyh +d> e,0wk
hohphqw
j@K
c@@+qu  n,
c@@+q,
+u n
q
,_@3 >
q3_@j@K
c@K+^qu‘ n, c@@+^qu‘ n,
c@@+q,
+^qu‘ n,_@3q3*2 >
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uhvshfwlyho|/ iru d> e @ 4> ===> s1 Wkh Wkhruhp zloo iroorz li/ dv q$4>
T?+u, , Z +u>g5>,> u 5 ^3> 4‘ > +54,
vxs
f$o$
nT?+u,n @ rR+4, > l @ 5> ===> 9 = +55,
Qrz +54, iroorzv iurp Ohppd 7/ zkloh +55, zlwk l @ 5 iroorzv iurp Ohppd 8/ zlwk l @ 6
iurp Ohppd 9/ zlwk l @ 7> 8 iurp Ohppd : dqg zlwk l @ 9 iurp Ohppd ;1 
Zh qrz irfxv rq pruh vshflf prghov ri iudfwlrqdo lqwhjudwlrq1
DVVXPSWLRQ D* Iru g@ A 2 > d @ 4> ===> s / ohw Dvvxpswlrqv D5/ D6/ D7 krog/ dqg ohw
}| @ +O,+O, i|4|:f+w,j > w @ 3>	4> ===> +56,
iru
+O, @ gldj
q
+4 O,3_> ===> +4 O,3_R
r
> +O, @
"[
'f
O
 >
zkhuh O lv wkh odj rshudwru dqg wkh frh!flhqw @& ri O& lq wkh h{sdqvlrq ri +4 O,3_@ lv
ghqhg e|
@& @
+n . g@,
+g@,+n . 4,
> +, @
] "
f
h3%{k3g{ > n @ 4> 5> === =
DVVXPSWLRQ F Iru +O, ghqhg e| Dvvxpswlrq D*/ f @ LR dqg @Kc wkh d> e0wk
hohphqw ri 
m@Kc m  Fm3@ / d> e @ 4> ===> s / m @ 4> 5> === /
zkhuh @ @ pd{+7 g@> g@,1
Dvvxpswlrq D* doorzv pruh jhqhudolw| wkdq wkh fodvv ri yhfwru dxwruhjuhvvlyh iudfwlrqdoo|
lqwhjudwhg prylqj dyhudjh surfhvvhv/ zklfk duh ghqhg e| wkh htxdwlrqv
}| @ +O, i|4|:f+w,j > | @ 3+O,+O,%| > w @ 4> 5> === > +57,
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zlwk +v, dqg +v, s s pdwul{ sro|qrpldov zlwk uhdo frh!flhqwv zklfk vdwlvi|
+v, @ LR v ===^v^ > +v, @ LR v ===^2v^2 >
zkhuh t dqg t2 duh srvlwlyh lqwhjhuv dqg zh dvvxph wkdw +v, kdv qr urrwv lq wkh forvhg
glvn iv = mvm  4j1 Wkh frh!flhqwv lq wkh vhulhv h{sdqvlrq ri 3+v,+v, whqg h{srqhq0
wldoo| wr }hur dqg wkhuhiruh Dvvxpswlrq D5 lv wulyldoo| vdwlvhg diwhu wkh lghqwlfdwlrq
D+v, @ 3+v,+v,> zkhqfh +57, iroorzv iurp +56, rq slfnlqj +O,  LR1 Dovr/ +57,
surylghv d qdwxudo jhqhudol}dwlrq dqg pruh prghoolqj  h{lelolw| wkdq qrq0iudfwlrqdo yhfwru
dxwruhjuhvvlyh lqwhjudwhg prylqj dyhudjhv/ zklfk duh kljko| srsxodu dprqj wlph vhulhv dq0
do|vwv dqg fruuhvsrqg wr +57, lq wkh vshfldo fdvh zkhuh g> ===> gR duh srvlwlyh lqwhjhuv1 Iru
s @ 4> wkh fodvv frqvlghuhg e| Dnrqrp dqg Jrxulhurx{ +4<;:, lv jlyhq e| +56, zlwk l=l=g=
| +l1h1 D+O,  LR, dqg +v, @ 3+v,+v,> wklv fodvv grhv qrw fryhu +57,/ krzhyhu1
Iurp Dvvxpswlrq E zh pd| zulwh
}| @
|[
'
|3 > w @ 4> 5> === >
zkhuh  kdv +d> e,0wk hohphqw
@Kc @
[
'f
+l. g@,
+g@,+l. 4,
@Kc3 > m @ 4> 5> === = +58,
Zh qhhg wr dssur{lpdwh wkh @Kc e| phdqv ri wkh iroorzlqj ohppd/ zklfk h{whqgv Ohppd
615 lq Nrnrv}nd dqg Wdttx +4<<8, doorzlqj iru g A 2 dqg iru dojheudlfdoo| +udwkhu wkdq
h{srqhqwldoo|, ghfd|lqj frh!flhqwv  +fi1 Vloyhlud +4<<4,,1
Ohppd 6 Ohw g A 2 dqg vhw
 @
;AA?AA=
7> g ? 3
7 g> 3 ? g ? 5
5> 5 ? g
=
Ohw
f @ 4 >  @
[
'f
3
+l. g,
+g,+l. 4,
> m A 3 >
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zkhuh
f @ 4 > mm  Fm3 = +59,
Wkhq dv m $4
m  +4,
+g,
m_3m  Fm_32 > +5:,
zkhuh +4, @
S"
'f  =
Surri Qrwh uvw wkdw iurp Deudprzlw} dqg Vwhjxq +4<:3,/ irupxod 91417:/
m+m . g,
+m . 4,
 m_3m  Fm_32 > m @ 4> 5> === = +5;,
Wkh ohiw vlgh ri +5:, lv wkxv erxqghg e| +g,3 iL . LL . LLL . LY j > zkhuh
+L, @ mm+g, > +LLL, @
[
'
m3mml_3  m_3m
+LL, @
[
'
m3mm+l. g,
+l. 4,
 l_3m > +LY , @ m
"[
'n
mm_3 =
E| +59,/ L  Fm3  Fm_32> dqg LY  Fm_3  Fm_32= E| +5;, LL  FS' m3ml_32=
Iru g  5 wklv lv R+m_32, e| vxppdelolw| ri ij lpsolhg e| +59,1 Iru g ? 5 lw lv erxqghg
e|
d*2o[
'
m3ml_32 .
[
'd*2o
m3ml_32 @
"[
'd*2o
mm.Fm_32
"[
'f
mm >
dqg wklv lv R+m_3 . m_32, @ R+m_32, e| +59,1 Iru g  5> e| wkh phdq ydoxh wkhruhp
LLL ? Fm_32
S
' m3m+m  l,  Fm_32 e| +59,1 Iru 3  g ? 5
LLL  F
d*2o[
'
m3m+m  l, .Fm_32
[
'd*2o
m3m+m  l,
 F+m32 . m_32,  5Fm_32 =
Iru 2 ? g ? 3
LLL 
d*2o[
'
m3m+m3_  l3_,+ml,_3 .Fm_32
[
'd*2o
m3m+m  l, =
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Wkh vhfrqg whup lv R+m_32,> zkhuhdv wkh uvw lv/ e| wkh phdq ydoxh wkhruhp/ ohvv wkdq
Fm_3m3_
S
Dd*2o lmm  Fm3= 
Iurp Ohppd 6 dqg Wkhruhp 4 zh ghulyh wkh iroorzlqj uhvxow1
Fruroodu| 4 Xqghu Dvvxpswlrqv D*/ E dqg F/ iru 3  u  4
}?+u,,Z +u> g5>, dv q$4 >
zkhuhZ +u>g5>, lv dv ghqhg lq +4<,2+53, zlwk j@K @

+g@,
3@K+4,

> @K+4, @
S"
'f @Kc>
d> e @ 4> ===> s1
Surri Xqghu Dvvxpswlrq F/ iurp d vwudljkwiruzdug dssolfdwlrq ri Ohppd 6 wr +58, zh
kdyh
@Kc @
@K+4,
+g@,
m_@3 .R+m_@32, > dv m $4 =
Khqfh Dvvxpswlrq D4 lv vdwlvhg diwhu wkh lghqwlfdwlrq
c@K+m, @ 4 .

+g@,
@K+4,
@Kc
m_3
 4

@ 4 .R+m3, > dv m $4 >
dqg wkh uhvxow iroorzv e| dsshdolqj wr Wkhruhp 41 
Iru gW A 4 d pxfk vlpsohu surri ri Fruroodu| 4 iroorzv iurp Deho vxppdwlrq e| sduwv dqg
wkh frqwlqxrxv pdsslqj wkhruhp +fi1 Dnrqrp dqg Jrxulhurx{ +4<;:,,1 Dssolfdwlrqv wr
dv|pswrwlf lqihuhqfh rq qrqvwdwlrqdu| wlph vhulhv duh suhvhqwhg lq Urelqvrq dqg Pdulqxffl
+4<<;,1
Wkh frqglwlrqv rq wkh prphqwv ri wkh lqqrydwlrq vhtxhqfh i%|j fdq eh uhod{hg +fi1 Vloyhlud
+4<<4,, li zh irfxv rq wkh vprrwkhg pxowlyduldwh vhulhv h}d?oo @ Sd?oo|' }|/ 3  u  4/ zklfk
uhsuhvhqwv  xfwxdwlrqv ri sduwldo vxpv ri i}|j1
Fruroodu| 5 Ohw Dvvxpswlrqv D krog1 Wkhq dv q$4/ iru 3  u  4
hG+q>gn5 ,h}d?oo ,Z +u> gn5 >, > +5<,
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zkhuh hG+q> gn5 , @ gldj
+
c+q,q
_
g
3
> ===>

cRR+q,q
_R
gR
3,
>
dqg gn5 @ +g . 4> ====> gR . 4,=
Surri Iru 3  u  4/ zulwh
hG+q> gn5 , d?oo[
|'
}| @ hG+q>gn5 , d?oo[
|'
|[
'
|3
@ hG+q>gn5 , d?oo[
'
hd?oo3 /
zkhuh hf @ LR dqg iru m  4> h @S'f kdv +d> e,0wk hohphqw
h#@Kc @ 4. j@K [
'
c@K+l,l
_@3  j@K
g@
c@K+m,m
_@ > dv m $4 >
wkh dssur{lpdwlrq iroorzlqj iurp wkh gluhfw kdoi ri Ndudpdwd*v Wkhruhp +Elqjkdp hw do1
+4<;<,/ s159,1 Khqfh Dvvxpswlrq D lv vdwlvhg li h}| lv ylhzhg dv d qrqvwdwlrqdu| iudfwlrqdoo|
lqwhjudwhg surfhvv ri rughu gn5 > ehfdxvh plq$@$R+g@ . 4, A

2 / Dvvxpswlrq E krogv dqg
+5<, iroorzv iurp Wkhruhp 41 
61 WHFKQLFDO OHPPDV
Ohppd 7 Xqghu Dvvxpswlrqv D dqg E/ dv q$4
T?+u,,Z +u>g5>, > u 5 ^3> 4‘ =
Surri Vlqfh T?+u, dqg Z +u>g>, duh Jdxvvldq/ frqyhujhqfh ri wkh qlwh glphqvlrqdo
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glvwulexwlrqv iroorzv li zh hvwdeolvk dv|pswrwlf htxlydohqfh ri wkhlu uvw wzr prphqwv1 Wkh
idfw wkdw
olp
?<"
HT?+u, @ +3> ===> 3,
 @ HZ +u>g5>, >
lv reylrxv1 Il{ z1o1r1j1 u2  u dqg uhfdoo wkdw/ iurp Dvvxpswlrq D4 dqg Srwwhu*v wkhruhp
+Elqjkdp hw do1/ +4<;<,/ s158, zh kdyh
mc@@+qu n,
c@@+q,
m  F+u  n
q
,3B > d @ 4> ===> s > n @ 4> ===> ^qu‘ 4 > +63,
zkhuh  lv dq| srvlwlyh frqvwdqw/ zklfk zh vkdoo khuhdiwhu fkrrvh vxfk wkdw g@   A 2 1
Khqfh wkh d> e0wk frpsrqhqw ri J+u> n> q, fdq eh erxqghg e| d frqvwdqw li g@ A 4/ dqg e|
j@K+u v,_@33B li g@  4> e| grplqdwhg frqyhujhqfh
olp
?<"
HT?+u,T

?+u2, @ olp?<"
4
q
d?oo3[
&'
J+u> n> q,J+u2> n> q,
@ olp
?<"
d?oo3[
&'
] E&n*?
&*?
J+u> n> q,J+u2> n> q,gv
@
] o
f
J+u> v,J
+u2> v,gv
@ HZ +u>g5>,Z
+u2>g5>, >
vr wkdw frqyhujhqfh ri wkh qlwh0glphqvlrqdo glvwulexwlrqv lv hvwdeolvkhg1 Dovr/ Dnrqrp
dqg Jrxulhurx{ +4<;:,/ s146 vkrz wkdw d wljkwqhvv fulwhulrq iru Jdxvvldq vhulhv lv jlyhq e|/
iru d @ 4> ===> s> 3  u ? u ? u2  4
H
q
T
E@
? +u,TE@? +u,
r2
H
q
T
E@
? +u2,TE@? +u,
r2  Fmu2  um > +64,
iru frqvwdqwv F> A 31 Wr suryh +64,/ ghqh iru 3  u  4> d @ 4> ===> s>
U@?+u, @
d?oo3[
&'
+u  n
q
,_@33B

E+
n
q
,E+n  4
q
,

> +65,
zkhuh E+=, lv xqlyduldwh vwdqgdug Eurzqldq prwlrq dv lqwurgxfhg lq+5,2+6,> wr vlpsoli|
qrwdwlrq/ zh vkdoo xvh g3@ @ g@  1
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Frqvlghu uvw wkh fdvh zkhuh u A 31 Wkh lqhtxdolw| +64, lv wulyldo iru dq| {hg q +qf/
vd|,> zh fdq wdnh qf @ ^ 2o ‘ dqg irfxv zlwkrxw orvv ri jhqhudolw| rq q A qf / vr wkdw u A
2
?
dozd|v krogv1 Ghqrwh e| j@ wkh d0wk urz ri J> zh kdyh
T
E@
? +u, @
d?oo3[
&'
+u n
q
,_@3
c@@+qu  n,
c@@+q,
j@

E+
n
q
> ,E+n  4
q
> ,

 +j@j@,*2
d?oo3[
&'
+u  n
q
,_@3
c@@+qu  n,
c@@+q,

E+
n
q
,E+n  4
q
,

>
dqg wkhuhiruh lq ylhz ri +63,
H
q
T
E@
? +u,TE@? +u,
r2
H
q
T
E@
? +u2,TE@? +u,
r2
 FH iU@?+u,U@?+u,j2H iU@?+u2,U@?+u,j2 > +66,
Iurp +65, zh rewdlq hdvlo|/ iru 3 ?  ? 2  4>
H iU@?+2,U@?+,j2 @
4
q
d?4o3[
&'

+2 
n
q
,_
3
@ 3  + 
n
q
,_
3
@ 3
2
.
4
q
d?42o3[
&'nd?4o
+2 
n
q
,2_
3
@ 32
@ P+> 2, .P2+> 2, =
Qrz li g3@ A 5> P+> 2,  +g3@  4,2+2  ,2 e| wkh phdq ydoxh wkhruhp dqg hdv|
pdqlsxodwlrqv> li 4 ? g3@  5> P+> 2,  +2  ,2_
3
@ 32 iurp wkh lqhtxdolw| mx . ymw 
mxmw . mymw/ 4    5> li g3@ @ 4> P @ 3= Ilqdoo|/ li 2 ? g3@ ? 4> zh qrwh wkdw iru 2 A >
v 5 +4> ,
i+v, @ +  v,_
3
@ 3  +2  v,_
3
@ 3
lv qrq0ghfuhdvlqj/ kdylqj ghulydwlyh
+4 g3@ ,
q
+  v,_
3
@ 32  +2  v,_
3
@ 32
r
A 3 =
Wkhuhiruh
P+> 2, 
] 4
f
i+v,2gv
4:
@ +2  ,2_
3
@ 32
] 4
f

+4 .
v
2  
,_
3
@ 3  + v
2  
,_
3
@ 3
2
gv
 +2  ,2_
3
@ 3
] "
f
k
+4 . y,_
3
@ 3  y_3@ 3
l2
gy
 F+2  ,2_
3
@ 3 >
ehfdxvh iru 2 ? g
3
@ ?

2 ] "
f
k
+4 . y,_
3
@ 3  y_3@ 3
l2
gy ?4 >
dv glvfxvvhg lq Vdprurgqlwvn| dqg Wdttx +4<<7/ s1654,1 Lw iroorzv wkdw P+> 2, 
F+2, iru  A 31 Ohw xv qrz frqvlghuP2+> 2,> zh dvvxph zlwkrxw orvv ri jhqhudolw|
^q2‘ A ^q‘= Li g
3
@  4> zh kdyh
P2+> 2,  2 
^q‘ . 4
q
 +2  , .
4
q
= +67,
Li lqvwhdg 2 ? g
3
@ ? 4> zh kdyh wkdw +u  v,2_
3
@ 32 lv qrq0ghfuhdvlqj lq v> iru v ? u1 Khqfh
P2+> 2, 
] d?42o*?
End?4o*?
+2  v,2_
3
@32gv

] 42
4
+2  v,2_
3
@ 32gv
@
4
5g@  4+2  ,
2_3@ 3 > +68,
zklfk/ wrjhwkhu zlwk +67,/ jlyhv
P2+> 2,  F+2  ,1 .
4
q
> vrph  A 3 /
iru doo g3@ A

2 = Qrz zh lghqwli| 2 @ u/  @ u wr erxqg wkh uvw hohphqw rq wkh uljkw kdqg
vlgh ri +66,/ dqg 2 @ u2 /  @ u wr erxqg wkh vhfrqg hohphqw rq wkh uljkw kdqg vlgh ri +66,/
vr zh frqvlghu wrjhwkhuP+u> u,>P2+u> u, dqgP+u> u2,>P2+u> u2,= Iru u2u ? ? lpsolhv
hlwkhu P2+u> u, @ 3 ru P2+u> u2, @ 3> zh dvvxph P2+u> u, @ 3= Khqfh iru u2  u A ? zh
ghgxfh iurp +67, dqg +68, wkdw
H iU@?+u,U@?+u,j2H iU@?+u2,U@?+u,j2
4;
@ FP+u> u, ^P+u> u2, .P2+u> u2,‘  F+u2  u, >
vrph  A 31 Rwkhuzlvh/ zkhq u2  u A ? / zh kdyh
H iU@?+u,U@?+u,j2H iU@?+u2,U@?+u,j2
 Fpd{++u  u,> +u2  u,, . 4
q2
 Fpd{++u  u,> +u2  u,, . +u2  u,2
 F+u2  u,1 > vrph  A 3 =
Wkh vdph erxqgv krog iru u @ 3> dqg wkh uhvxow wkhq iroorzv iurp +66,1 
Ohppd 8 Xqghu Dvvxpswlrqv D dqg E/ dv q$4
vxs
f$o$
nT2?+u,n @ rR+4, =
Surri E| Deho vxppdwlrq e| sduwv
T2?+u, @ G+q>g5,
d?oo3[
&'
d?oo3& ^+V&  V&3, Y&  Y&3‘
@ G+q>g5,
d?oo32[
&'

d?oo3& d?oo3&3

^V&  Y&‘
.G+q>g5,

Vd?oo3  Yd?oo3

1
Ghqh e @  3> iru m  4> iurp +;, zh kdyh
mc@@+m,m_@3  c@@+m  4,+m  4,_@3m
@ m
q
c@@+m,m
_@3  c@@+m,+m  4,_@3
r
.
q
c@@+m,+m  4,_@3  c@@+m  4,+m  4,_@3
r
m
 Fm_@32 mc@@+m,m. c@@+m, >
e| wkh phdq ydoxh wkhruhp dqg +;,1 Khqfh zh rewdlq
nG+q> g5,en  Fq*23_@ mc@@+m,m. c@@+m,mc@@+q,m m_@32 1
4<
Wkxv nT2?+u,n lv erxqghg e|
F
d?oo32[
&'
%
R[
@'
q*23_@
mc@@+^qu‘ n,m. c@@+^qu‘ n,
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